ABSTRACT. It is shown that the Zassenhaus algebra W^(m) over a field of characteristic ρ > 3 has, up to equivalence, a unique nontrivial central extension W^rn) (the modular Virasoro algebra). For the Virasoro algebra we construct a generalized Casimir element. All the irreducible (^(mi-modules are described. It is shown that there is no simple graded Lie algebra with zero component L o = W x {m).
In contradistinction to the case of zero characteristic, the problem of classifying simple Lie algebras over a field of positive characteristic remains unsolved. All the nonclassical simple Lie algebras known up to now are obtained from irreducible L 0 -modules by Cartan extensions, where L o is a simple algebra or a trivial central extension of a simple Lie algebra. A natural question arises: is it possible to obtain a new simple Lie algebra by this method, if L o is a nontrivial central extension of a simple Lie algebra? This question, in turn, engenders two problems. The first is to find all central extensions of simple Lie algebras. We note that in the case of zero characteristic, every central extension of a finite-dimensional simple Lie algebra splits. The second problem is to describe the irreducible representations of nontrivial central extensions of simple Lie algebras. Incidentally, this problem is interesting in its own right; according to Proposition 4, for the study of Cartan extensions it suffices to describe the irreducible representations of the algebra L o whose dimensions do not exceed the dimension of this algebra.
In this paper we solve these problems in the case where L o is a nontrivial central extension of the Zassenhaus algebra W x (m).
We recall that a Lie algebra L with central element ζ is called a central extension of the algebra L if the quotient algebra L/(z) is isomorphic to L. The 2-cohomology space H 2 (L, P) can be regarded as the space of nonequivalent central extensions of L. In the standard cochain complex C*(L, L*) we distinguish a cochain subcomplex C*(L) whose homology is isomorphic (with the grading shifted by one) to the cohomology of the Lie algebra L with coefficients in the trivial module. In particular, H l (L, L*) contains a subspace isomorphic to H 2 (L, P) . This fact is used in computing the central extensions of 1980 Mathematics Subject Classification (1985 . Primary 17B50; Secondary 17B10, 17B56.
©1986 American Mathematical Society 0025-5734/86 $1.00 + $.25 per page the Zassenhaus algebra (see §1). It has been proved that for ρ > 3, as in the case of infinite-dimensional Lie algebras of zero characteristic, the Zassenhaus algebra W x {m) has a unique (up to equivalence) nontrivial central extension W^m). In analogy with characteristic zero, we call this algebra a (modular) Virasoro algebra. We recall that in the Lie algebra W^m) = (e, | -1 < i < p m -2) the multiplication is given by
. j
Then the multiplication in the Virasoro algebra W-^m) = (e,, ζ | -1 < / < p m -2) may be given by the rule where δ, ; is the Kronecker symbol. As in the Zassenhaus algebra, the rule L, = <e,), -1 </</>"-2, ν _ 1 = 0, L p~ = (z = e p .),
gives a grading L = W^m) = ®^L it and a filtration ^.j D JS? O 3 · · · r> jSf^m D 0. We introduce the subalgebra ^ = (<?,. |1 < / < p m , i Φ 2). In §2 we construct a nontrivial central element z l5 the generalized Casimir element of the nilpotent Lie algebra JSPJ. We note that the well-known method of constructing the Casimir element only applies for semisimple algebras, i.e. Lie algebras with nondegenerate invariant forms. To construct a generalized Casimir element, it suffices to determine whether the L-module U(L) contains as a submodule the coadjoint L-module L*. The properties of the generalized Casimir element z x play an important role in the study of the irreducible representations of the Virasoro algebra ( §3). Let Μ be an irreducible W^m)-module with respect to the representation χ -> (x) M . For a subalgebra L' containing ζ all the representations are divided into two types: we refer it to the first type if (z) M = 0, and to the second type otherwise. The classes of irreducible W / 1 (m)-modules of the first type coincide with the classes of irreducible W 1 (m)-modules. We give a description of the irreducible W 1 (w)-modules of nonextremal height (p > 2). The analogous result for ρ > 3 is stated in [6] . Let W^m) be the direct sum of a 3-dimensional simple Lie algebra of type A x and a nilpotent subalgebra if 2 . It turns out that the classes of irreducible modules of the second types over W x {m) and over W^m) are in one-to-one correspondence. A similar fact in the case of the Lie /7-algebra W^l) was established in [12] . There the existence of a central element ζ λ was proved. We give an explicit construction for z v and this enables us to give the correspondence more exactly. In §4 we prove that there does not exist a simple Lie algebra with zero component isomorphic to W^m).
In this paper we use the following notation. All vector spaces are considered over a field Ρ of characteristic ρ > 0 (in §3, Ρ is algebraically closed); (X) is the linear span of a set X of vectors; U(L) is the universal enveloping algebra of the Lie algebra
is the center of U(L); in the case of the Virasoro algebra L= W^m) this notation is abbreviated to U,U L \ Z. For subalgebras L' containing the element z, we denote by U(L') the localization of U(L') by the ideal (z); that is, U(L) is the algebra of fractions of the form fz", /e U(L'), -oo < α < οο. Let Adx and Ad χ be the adjoint derivations of the universal enveloping algebras corresponding to the adjoint derivations of the algebras W^m) and W^m). The multiplication in U(L) is denoted in the same way as the multiplication in the Lie algebra L. Let ε, = (0,..., 0,1,., 0,..., 0), and for a vector α = (... ,«,·,...), ι e /, we put e a = Π, ef> (I is a set of indices; the lengths of these vectors are to be determined from the context).
§1. Cohomology of Lie algebras with trivial coefficients
Let L* be a coadjoint module over the Lie algebra L (in arbitrary characteristic), and let ( , ): L* X L -» Ρ be the natural pairing. In what follows
be the standard cochain complex of the Lie algebra L with coefficients in the coadjoint module with the coboundary operator d. We introduce the subspaces
and the linear map ι ,..., x k ), x k + 1 ) = ψ( Χι ,.. Since ψ is skew-symmetric, it is clear that j/ψ e C k {L); that is, indeed the map sf:
Conversely, the following mapping is also well defined: A simple verification shows that the following result holds.
be the spaces of cocycles, coboundaries, and cohomology of this complex. PROPOSITION 
The following diagram is commutative:
PROOF. Let ψ e C k (L, P). We note that for any permutation σ e S k we have Therefore (the caret means that the corresponding element is omitted), and
Thus, we have proved the following result.
Let var,,.:
be the cohomology map induced by the map j/. 
In particular if L has a nondegenerate invariant form then L = L* and H 1 (L) appears as a direct summand in the space H l (L, L*) of outer derivations, namely as the subspace of derivations preserving the form. If in addition all the derivations of L are inner, then every central extension of L is trivial, which is, by the way, well known in the zero characteristic case.
Let L = W x (m). We give the space O x (m) a module structure by the rule «Θ:
The resulting module is denoted by U 2 . We note that the coadjoint L-module is isomorphic to the L-module U 2 . Indeed, the form F: U 2 X L -> Ρ defined by the rule
By Corollary 2 of Theorem 5 of [14] we have the isomorphism
It can easily be verified that the given cocycles preserve the form F. For example, For the Lie /7-algebra Wi(l) this fact was obtained earlier in [12] , and also in [7] for Ρ = Z/pZ* The papers [8] and [9] present erroneous results on H 2 (W 1 (m), P) (in [8] , p. 39, the equality on the ninth line from the top is false). By analogy with characteristic zero, the Lie algebra W x (m) = (e,, ζ | -1 < / < p m -2) with the multiplication given by (1) is called a (modular) Virasoro algebra. For the irreducible representations of the Virasoro algebra of zero characteristic and their connections with other problems, see for example [10] . In the description of the irreducible representations of a modular Virasoro algebra an important role is played by the formula for a central element z 1 given in the next section.
§2. A generalized Casimir element of the Virasoro algebra
We call the Lie algebra L a Casimir algebra if the L-module U(L) contains as a submodule the coadjoint L-module L*. Let V(L) = {e,\ i e /} be a basis for the Casimir Lie algebra L and let V{L*)= [e* e U(L) \(e*, ej ) = 8 tJ , i, j e 7} be the dual basis. Then
c= Σ e t e* eZ(L).
This element is called a generalized Casimir element of the Lie algebra L. If L has a nonsingular invariant form, then this construction coincides with the well-known one. Despite the simplicity of the generalization, our construction makes sense for the production of central elements for the universal enveloping nonclassical Lie algebras. For example, the Virasoro algebra for ρ > 5 has no nonsingular invariant form, but, as is shown in this section, U{W x (m)) has a nontrivial central element.
By the Poincare-Birkhoff-Witt theorem, in the universal enveloping Virasoro algebra U one can choose a basis Then in U one can choose a basis
* Added in translation. After the paper was published, the author learned that a similar result for ρ > 3 was also obtained in [16] .
We decompose U into the direct sum of proper subspaces with respect to Ad e 0 :
We introduce the subspaces U 
' 0, 0</,2</</,"-2.
(We recall that d/dl = 0.) We suppose that the elements / 0 ,/ι, ...,Λ nave been constructed. For the existence of f k+l the following condition is necessary:
In other words, f k+l must be given by (2) . We must prove the existence of the "integral" /• «•;[£,·, f k ] and the validity of (3) and (4) where Y, e <e^|^ e T m , ^. = a> -1>, and dXJdj = aft. The following congruence is established by induction on / + j:
It follows from the next lemma that (2) is well defined:
PROOF. We put (3), (4)) = (by formula (6) and conditions (3), (4)) = (-i) 1+y ifd^" 
Σ
But the derivation of an explicit formula for z* would require extensive computations, and we construct a central element in U(W x (m)) in a somewhat different way (we shall require some points of these constructions in future). We put Π £/*' Π e?\ -oo < α,-< oo, 0 < α,, -1< ί < ρ" -2j.
Thus

0(W x (m))s U(A)U(SC 2 )s U(A 1 ®£P 2 )s U(W x (m)).
Moreover, the Casimir element of the Lie algebra A is central in U: For i + j = 0, the assertion is trivial. We assume that it is proved for i + j -1. By (3) and (4) In particular, independently of the 0 ; , 2 < i < p m -2, the dimension of M 2 is equal to /?(/>"'-3)/2. Let Μ be an irreducible W / 1 (w)-module and M x the space of eigenvectors with respect to the weight subalgebra ^? (/ ,<" +1) /2· Then M x is an ^-module and, as was shown above,
Obviously, c e (z 2t z) c Z(W x (m)). It can be verified that this element is indeed a generalized
It is obvious that M v as an ^Ij-module, is irreducible, and this isomorphism is a module isomorphism over A 1 θ =S? 2 . In particular, the dimension of every irreducible W Thus there is a one-to-one correspondence between the irreducible modules of the second type over W^m) and over W^m). We shall find the relations between the invariants of the corresponding irreducible modules. We recall that the elements E_ lt E o , and E x (see the proof of Theorem 3) are polynomials (although noncommutative) in the elements e y , -1 < j < p m , and z" 1 . To emphasize this, for E t we sometimes write E^e). We show that i(£ 1 ( e )) = £ 1 (^e)).
In other words, to compute the eigenvalue of the automorphism E x (this is unique), it suffices to make the substitution e, >-» θ ί = θ(ε^), 1 < / < p m , in the polynomial E^e). Let /, = Σ α μ α ε α , μ α <= P. If e a = Π,β, α ',μ α Φ 0, then by the inclusion (5) we have {e"',e"i} = 0. Therefore Μ contains a vector υ which is an eigenvector for all the e" 1 , Having taken the pth roots of these equalities, we obtain (7).
The following relations are established using Lemma 4 and the inclusion (5) by analogous considerations:
iV-2-Σ (-ι The analog of the correspondence (i)«-» (iii) in the case of the Lie /j-algebra W x (l) is established in [12] . The irreducible ^-modules are described in [3] . We recall some of the results of this paper. 
In the study of Cartan extensions we need from these descriptions of irreducible ll If L o is a nontrivial central extension of a simple algebra, then there does not exist a graded simple Lie algebra of depth 2. This follows from the following proposition. satisfies the condition \x [p] \ > \x\, χ e^7" 1 ", or \x [p] \ < \x\, χ ejS?~, from this formula we obtain that μ(χ) = 0 for any χ e «Sf ± . For basis elements of the torus the p-map is given
